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Key words: quality control; deferred payment; inspection; moral hazard

History: Received: October 2013; Accepted: August 2014 by Christopher Tang, after 3 revisions

1. Introduction

When a firm outsources its manufacturing functions to suppliers located far away, the firm often
has difficulty monitoring the supplier’s process and product quality. Knowing the firm cannot
fully monitor the process creates an environment for opportunistic behaviors, including product
adulteration. Indeed, supplier product adulteration has been a common cause of product quality
issues, resulting in significant losses for both firms and customers. (See Babich and Tang 2012 for
detailed examples.) Hence, implementing appropriate mechanisms to align the incentives of the
suppliers with their own is a pressing issue facing many firms.

Traditional mechanisms to control supplier product quality include supplier certification, inspec-
tion, and product warranty. The optimal design of these mechanisms and the implications for
product quality have been investigated in the academic literature. (See Section 2 for a survey.)
While these mechanisms can be useful in specific environments, they might not be effective when
dealing with far-away suppliers in emerging economies. Such suppliers might act opportunistically
even if they are certified. Reserving the right to pay less or to impose a penalty in the contract
is often necessary (Chaudhuri 2013). Inspection has been widely used to discover product quality
problems before delivery, but inspection can be inaccurate and costly. Enforcing product war-

ranty over small, overseas suppliers is often difficult. In view of the limitations of the traditional
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approaches in dealing with foreign suppliers, a pioneering study, Babich and Tang (2012), proposes
a useful mechanism of deferred payment to deter supplier product adulteration. Under this mech-
anism, some fraction of the payment is withheld initially that will be released to the supplier only
if no adulteration is discovered after the product has been used over a prespecified time period.
Babich and Tang (2012) analyze the optimal deferred payment mechanism and compare it with
inspection, under a unit procurement quantity and the exponential discovery process. Following
Babich and Tang (2012), this paper studies a buyer firm’s procurement strategy in the presence of
supplier product adulteration risk. We endogenize the buyer’s quantity decision with the consider-
ation of general defect discovery process and investigate the interaction of quantity decision with
the design of the quality control mechanisms.

We first consider the case in which the buyer uses deferred payment to manage quality. We show
that the buyer might either defer the entire payment or defer some partial payment, depending on
two economic driving forces: the moral hazard severity and the information accumulation rate. The
former reflects the gain to the supplier of making adulterated products, while the latter is related
to how quickly defect information accumulates over time. Specifically, the entire payment should be
deferred if the moral hazard problem is very severe or the accumulation of defect information is slow;
otherwise, partial deferral with an initial payment at delivery is optimal. The procurement quantity
acts as a “scaling” factor of the defect discovery process. That is, a larger quantity accelerates defect
discovery. However, the effect of procurement quantity on the contract structure is not necessarily
monotone. We show that when the hazard rate function associated with the defect discovery process
is decreasing, a larger procurement quantity makes partial deferral more favorable than entire
deferral. However, this finding might not hold if the hazard rate function is increasing. Furthermore,
we find that under the deferred payment mechanism, the optimal procurement quantity generally
is smaller than the first best — the case without supplier product adulteration risk. After the
deferred payment analysis, we analyze the inspection mechanism. We derive the adulteration and
inspection equilibrium, based on which we find that under the inspection mechanism, the optimal
procurement quantity is no less than the first-best quantity. Finally, we compare the performance
of these two mechanisms. The deferred payment mechanism generally outperforms inspection if the
buyer’s market size is small or the profit margin is low. However, we find that these two mechanisms
can also be complementary. We identify a necessary condition for the optimality of the combined
mechanism.

This study makes a few useful contributions. First, we extend the exploration of the deferred
payment mechanism for its application to broader environments. The identification of the two
economic driving forces deepens our understanding of the structure of the optimal deferred payment

contract. Second, we consider an endogenous quantity decision. Prior literature that investigates
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supplier—buyer incentives on quality issues often assumes an exogenous single unit procurement
setting. Our study offers novel insights about the interplay between the procurement quantity
and the quality control mechanisms. Third, we compare the deferred payment and the inspection
mechanisms in a general setting. The findings about their relationship can be useful in making
decisions about these two mechanisms in practice.

The remainder of the paper is organized as follows. Section 2 reviews the literature. In Section 3,
we describe the base model. Sections 4 and 5 analyze the optimal design of the deferred payment
mechanism and the inspection mechanism, respectively. We compare their performance in Section

6 and conclude in Section 7.

2. Literature Review

Our study is related to the literature that investigates quality control in supply chains. Reyniers and
Tapiero (1995) study a problem where the parts supplier can choose different levels of technologies
to make the parts that lead to different levels of defects and the producer can choose the probability
of inspection that is precise but costly. The supplier provides a price rebate if a defective part
is discovered by inspection, as well as a warranty cost for the failure of an end product if the
producer does not inspect the parts. The study shows how the penalty and liability costs influence
the equilibrium technology choice and inspection probability. Lim (2001) extends Reyniers and
Tapiero (1995) to an adverse selection setting in which the supplier’s type, which determines the
quality level, is unknown to the producer. The producer designs a mechanism that consists of a
menu of inspection probability, price rebate for each part that fails inspection, and liability cost for
external product failure, corresponding to the potential types of the supplier. Baiman et al. (2000)
study a problem similar to Reyniers and Tapiero (1995) but assume that the producer chooses the
accuracy of the inspection. Starbird (2001) applies an EOQ model and explores the optimal size
of the sample to inspect and the associated reward—penalty scheme.

In these studies, only the supplier’s investment or type affects the quality of the end product.
Differently, Baiman et al. (2001) explore a setting in which both the supplier and the producer can
influence the end product’s quality. The supplier, which acts as the principal in their study, first
determines its investment in the quality of the parts and then offers a contract to the producer
that consists of the price and warranty. The producer determines the inspection level, as well as
the quality of the production process. Baiman et al. (2001) examine the effects of product design
and information structure on quality control. Balachandran and Radhakrishnan (2005) study a
similar problem where the failure of the end product is determined by both the supplier’s and the
producer’s quality levels, but in their study, the producer acts as the principal. Lee and Li (2012)

explore the optimal inspection and incentive contracts in different scenarios where the quality
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improvement efforts exerted by the supplier and the producer can be either complementary or
substitutive.

Supplier certification can also be a useful quality control mechanism. Hwang et al. (2006)
compare the performance of supplier certification with inspection. They show that the buyer’s
use of the inspection mechanism can induce additional cost because the supplier might perform
unwanted /preemptive inspection. Even though certification does not perfectly identify the sup-
plier’s quality level, it might save the moral hazard agency cost that would arise under the inspec-
tion mechanism. Chao et al. (2009) focus on the recall event and examine the quality improvement
performances of two types of contracts (i.e., cost-sharing based on selective root cause analysis vs.
partial cost-sharing based on complete root cause analysis) that specify the sharing of the recall
cost among the parties. Wang et al. (2013) generalize this study by considering both the quantity
decision and the recall risk.

Departing from the traditional literature, Babich and Tang (2012) study a new mechanism in
which the buyer firm can defer payment to the supplier that will be issued only if no customer
complaints about the product quality are reported up to a prespecified period of time. They discuss
that this mechanism can be effective when a buyer firm trades with suppliers in emerging economies.
Their analysis focuses on the project-type procurement environment with an exponential defect
discovery process and finds that the entire payment is deferred at optimum. Babich and Tang (2012)
also examine several factors that affect the efficiency of this mechanism, including the supplier’s
adulteration cost and financing cost. Our work extends their study to consider an endogenous

procurement quantity and general defect discovery process.

3. The Base Model
We consider a risk-neutral buyer that plans to procure some products from a risk-neutral supplier
and then sell them to the end customers. Similar to Babich and Tang (2012), the buyer faces a
moral hazard problem with respect to the supplier’s action. In particular, the supplier can either
follow the prespecified production process, avoid adulteration, and produce non-defective products
(a =n), or can bypass the specifications, choose adulteration, and produce defective products
(a =d). The cost of producing a unit of unadulterated products is ¢,, which is greater than the
cost of producing an adulterated product ¢, (i.e., ¢4 < ¢,,). The buyer cannot observe the supplier’s
action, which creates an incentive for the supplier to reduce the production cost by adulterating.
We let 6 =c¢,/c, to indicate the supplier’s product adulteration incentive. Clearly, the smaller the
0 is, the more the supplier can gain from undiscovered adulteration, and hence the more severe is
the supplier’s moral hazard problem.

The supplier produces the products immediately if he is contracted. The buyer decides whether

to accept the products when the production is finished at time zero. If the buyer accepts them, the
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products are shipped to the stores and then sold to the end customers. We use L(> 0) to capture
the lead time — the time from when the production is finished to when the products are delivered
to the stores. (We do not include the production lead time because in our context the earliest time
that the buyer might pay the supplier is when the production is finished and all the products are
ready to be distributed. The production lead time, if modeled, would appear in a common discount
factor under both quality control mechanisms, which does not play any significant role.) When
the supplier uses an adulterated production process, the defects in the products will eventually
be discovered by the customers and reported to the buyer. No defects are reported if the supplier
follows an unadulterated production process. We assume that for any sold quantity g, the defect
discovery time of each unit of the adulterated products follows: 7, = L+ z;, i € {1, ..., q}, where the
lead time L acts as a common factor and the individual z; is a nonnegative random variable which
can be either correlated with or independent of each other. z; might contain both the shelf time
before the individual product is bought by a customer and the usage time afterwards. Notice that
based on the assumption that an unadulterated production process never generates any defect, the
earliest report of a product defect perfectly reflects that the supplier used an adulterated process.
Therefore, let 7 =min{r,---,7,}, which is the first time a product defect is reported by a customer,
and let F'(t) =P (7 <t) be the associated distribution function, which depends on gq.

If a product is reported as defective by a customer at time 7, the buyer recalls all the products
and pays a liability pp to each customer at that time. Following Babich and Tang (2012), we assume
that the supplier’s liability is zero to capture the fact that the supplier’s product liability is rarely
enforceable in practice when a domestic buyer deals with small overseas suppliers in emerging
economies. However, the buyer can implement the deferred payment mechanism by withholding a
fraction of the total payment. The buyer has a continuously compounded financing rate ap > 0,
while the supplier has a financing rate ag > 0. To focus on the nontrivial case, we assume ag > ap
(i.e., obtaining a loan from the capital market is more costly for the supplier).

Finally, we assume that the buyer faces a linear, downward-sloping demand function in the selling
price. In particular, let r represent the present value of the selling price, and the customer demand

follows:
q(r)=s(1—br).

Clearly, s(> 0) captures the market size of the buyer, and b captures the price sensitivity of the
demand. For convenience, we also use r(q) to express the inverse function of ¢(r). Note that this
specific linear demand function is used purely for simplicity. In fact, for any fixed g, the form of
the demand function does not play any role because r is simply a parameter when ¢ is fixed. Our

analysis can be generalized to other demand forms. To ensure that quality control is necessary, we
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assume that the present value of the liability of selling an adulterated product, vg = pgE [e”“B7], is
always greater than the present value of the optimal selling price that the buyer can charge, r(q).

Except for the supplier’s action, which is observable only to himself, all information is common
knowledge. For the purpose of benchmarking, we define the first-best solution as the one in which
the buyer can force the supplier to produce unadulterated products and compensate him for his
total production cost. Consequently, the buyer solves: max,{r(¢)q — c¢,q}, from which the first-
best quantity follows: ¢° = %' where x =1 — bc,,. Note that based on our demand function, 7 is
bounded above by 1/b, at which the profit margin "= =1 —bc,,. Hence, x represents the highest
profit margin that the buyer can achieve, and we can also rewrite the demand function as ¢(r) =
3(1 — 7“1:—”“) In the following sections, we analyze the cases in which the supplier’s production

decision is not directly enforceable and the buyer ensures quality using either deferred payment,

inspection, or both.

4. The Deferred Payment Mechanism

In this section, we consider the case in which the buyer uses only deferred payment to ensure
product quality. With this mechanism, the buyer always accepts the products from the supplier.
Let {q, Yy, Y1, T} denote the contract, where ¢ is the procurement quantity, Yy is the initial payment
to the supplier when production is finished (i.e., at time zero), and Y; is the deferred payment that
will be released to the supplier at time 7" if customers do not report a defect by then. Apparently,
Y1 must be greater than zero and T' must be larger than L. Therefore, the buyer’s problem can be

formulated as:

— _ —apgT
q,YOZ(}g?§O7T>L{T(Q)q Yo —Yie }

s.t. Yo+ Yie T —qe, > Yy +Yie *sT (1 — F(T)) — qca,

Yy +Yie st —ge, >0,

where the first inequality constraint represents the supplier’s incentive compatibility (IC) constraint
and the second is the supplier’s participation (IR) constraint. Let a@ = aeg — o, the difference of
the supplier’s and the buyer’s financing rates, and Y = Y,e= 257 the present value of the deferred

payment from the supplier’s perspective. We can then rewrite the buyer’s problem to:

_ o oaT
q7Y02$a§,T>L {T(q)q Yo—Ye } (1)
S.t. YF(T) — q (cn _ Cd) 2 O,
Yo+Y —qe, >0.
Let 75 (q,Ys,Y,T) denote the buyer’s profit under the deferred payment contract {¢, Yy, Y, T}, and

let w2 (q,Ys,Y,T) be the supplier’s corresponding profit. Notice that solving the optimal procure-

ment quantity is technically challenging because the defect discovery distribution F/(7') can depend
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on ¢ in a complex manner. Hence, for the rest of this section, we first characterize the optimal

contract structure with fixed ¢ and then analyze the property of the optimal ¢ numerically.

4.1. The Optimal Contract Structure with Fixed Procurement Quantity

Note that for any given ¢, the optimal solution to (1) is achieved at one of the boundaries; that
is, it is either a corner solution in which both the IC and IR and the nonnegative initial payment
constraints are binding, or a solution where a (non-empty) subset of the constraints is binding.
From (1), we can see that a decrease of T" will lead to an increase in the buyer’s profit, and 7'

appears only in the IC constraint. Thus, the following lemma holds.

Lemma 1 At optimum, the IC constraint of (1) must be binding.

Given Lemma 1, we obtain Proposition 1 to describe all the possible outcomes of the optimal

deferred payment contract.

Proposition 1 For any given q, the optimal solution of (1) can be one of the following three cases:

a) Yo=0,Y = q(;?;;)d) , T =T,, the buyer’s profit is 5 (q, Yo, Y, T) = qr(q) — q(c, —cd)%, and

_ dlen—cy)
F(Ty)

b) Yo=0,Y =qc,, T =T,, the buyer’s profit is 75(q,Ys,Y,T) = qr(q) — qc,e*™®, and the sup-

the supplier’s profit is 75 (q,Y,,Y,T) — qc,, where T, = arg minp %;

plier’s profit is zero, where Ty, solves F(T)=1—2%; or
¢) Yo =g, — “Upzedd |y = denzed T =T, the buyer’s profit is w5 (g, Yo, Y, T) = qr(q) — ge —
q(c,—caq) %, and the supplier’s profit is zero, where T, = arg miny %

In particular, if T, <Ty, then (a) is optimal; if T, > T, > T., then (b) is optimal; otherwise, (c)

s optimal.

By Lemma 1, the IC constraint always binds at optimum. Case (a) in Proposition 1 shows the
optimal contract with zero initial payment (i.e., entire deferral) and relaxed IR constraint. To
explain the intuition, we can note from the IC constraint of (1) that the buyer can use either the
amount of the deferred payment (i.e., Y) or the deferral duration (i.e., T') to deter the supplier
from product adulteration. However, both approaches are costly because the buyer always needs
to fully compensate the supplier for his production cost, and deferring either more of the payment
or deferring for a longer duration increases the cost. Thus, the buyer needs to strike a balance
between the two options, which leads to the displayed contract. In particular, T, is the optimized

duration associated with the entire deferral (Y = %

) that renders the least cost for the buyer
in deterring the supplier from product adulteration. However, this less constrained, zero-initial-
payment, optimal deferral contract neither guarantees that the supplier obtains zero information

rent nor ensures that the supplier’s IR constraint is satisfied.
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In view of that, case (b) in Proposition 1 gives the boundary contract with zero initial payment
where the deferral duration T}, and the associated entire deferral (Y = gc,,) prevent the supplier from
product adulteration (i.e., the IC constraint is binding) and also guarantee that the supplier obtains
zero information rent (i.e., the IR constraint is binding). Because the IC constraint always binds
and the IR condition has to hold, we can infer that T; is the longest deferral duration under which
the supplier’s IC and IR constraints both can be satisfied with zero initial payment. If T, obtained
in case (a) is longer than T}, then the associated deferred payment in that contract is not sufficient
to cover the supplier’s production cost (i.e., the IR constraint is violated), in which case the optimal
entire deferral contract can only be in the form of case (b). Notice that the condition T, > (<)T}
can be rewritten as 0 = c4/c, > (<)1 — F(T,), which allows for a more intuitive explanation. When
the supplier’s moral hazard problem is very severe (i.e., § <1 — F(T,)), the amount of deferred
payment required to deter the supplier from product adulteration for the deferral duration T, is
sufficient to assure the supplier’s participation. Hence, the less constrained optimal contract in
case (a) should dominate. However, when the supplier’s moral hazard problem is not severe (i.e.,
0>1—F(T,)), with a deferral duration as long as T,, only a small deferred payment is needed
to curb the supplier’s adulteration incentive, which, however, would not be enough to compensate
the full production cost. Hence, the buyer has to increase the deferred amount (i.e., Y7) but can
defer for a shorter time, compared to the less constrained optimal solution of case (a).

In contrast to (a) and (b), case (c) in Proposition 1 gives the optimal contract for the case with
a positive initial payment where T, is the optimized duration of the partial deferral that deters
the supplier from product adulteration and also balances the two payments to compensate for his
production cost (i.e., the IR constraint is binding). Notice from (1) that for this contract to be the
overall optimal solution, we also need T, > Ty, or equivalently § > 1 — F(T,) because, otherwise, the
less constrained optimal contract of case (a), which does not provide any costly initial payment,
would always be feasible and would dominate the other two contracts. That is, a contract with a
positive initial payment can be optimal only if the buyer’s moral hazard problem is not severe.

The separation of cases (b) and (c) requires an extra condition, T}, > T, as shown in Proposition
1. This condition results directly from the non-negativity constraint of Y, but it can be expressed
in a more explicit way that gives rise to a more interesting interpretation. Before we elaborate on
it, we first provide a comparison of Proposition 1 with the results in prior literature, under the

exponential defect discovery process.

[e3

Corollary 1 For any given q, let § = +a

and 6 be the unique solution in [0,1] solving 5% =
% <1 — e_aLHf%). If the stochastic components of the discovery time z; are i.i.d. random variables

following the distribution Fy(t) =1—e ™, then the optimal deferred payment contract follows the
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form of Proposition 1(a) if § <0, the form of Proposition 1(b) if § <0 <8, and the form of
Proposition 1(c) if 0 > 0. Hence, providing an initial payment is optimal if and only if 6 > 0.

Corollary 1 shows that when the defect discovery process is exponential, we can express the
conditions in Proposition 1 fully in 6 for three regions, as illustrated in Figure 1. In particular, when
0 <0, as in Region I of Figure 1, the supplier’s moral hazard problem is very severe. Therefore,
deferring all the payment is optimal for the buyer, and the supplier enjoys positive information
rent, corresponding to case (a) in Proposition 1. When § < 6 < 0, as in Region II of Figure 1, the
moral hazard problem is moderate and the resulting optimal contract corresponds to case (b) in
Proposition 1, in which the initial payment is still zero but the supplier derives no information rent.
Finally, when 6 > 6, as in Region III of Figure 1, the moral hazard problem is very mild and the
resulting optimal contract corresponds to case (c) in Proposition 1, in which the initial payment

is positive.

g=10and L=0.1

Region I\ Region I Region I
" . 1
\ ;

2
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. : . ;
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L e ! ! 0
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Figure 1 Demonstration of the optimal deferred payment contract. The parameter setting: z; are i.i.d. random
variables following Fy(t) =1—e ™ with A=0.1, as =0.2, ap=0.1, 7=5, ¢, =1, ca=6, L=0.1, ¢=10.

To compare with the results in Babich and Tang (2012), Figure 2 provides demonstrations with
q =1 (left panel) and L =0 (right panel). First, we can show that § defined in Corollary 1 decreases
in ¢ (i.e., Region III in Figure 1 shrinks as the quantity decreases). This relationship is demonstrated
by the left panel of Figure 2: Here, compared to Figure 1, Region III is narrower. The procurement
quantity acts as a “scaling” factor—that is, a larger selling quantity can speed up the discovery
of the defect. Under the exponential distribution, the implication is that a larger quantity can
mitigate the supplier’s moral hazard problem and thus reduce the need to defer payment. Second,
we can prove that under the exponential defect discovery process, partial deferral can be optimal

(i.e., @ > 0) if and only if L > 0, irrespective of the procurement quantity. In other words, when
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L =0, Region III completely vanishes (i.e., § = 1), which is demonstrated by the right panel of

Figure 2. Hence, Corollary 1 can fully replicate the results in Babich and Tang (2012) by setting

L =0 and g =1. However, notice that L and ¢ need not be large for the appearance of a significant

Region III. Although the non-optimality of partial deferral appears to result fully from a zero lead

time, the fundamental reason in fact has its root in the property of how the defect information

probabilistically unfolds over time compared to the accumulation of the interest cost.
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Figure 2 Demonstration of the effects of procurement quantity and lead time on the optimal deferred payment
contract. The parameter setting: z; are i.i.d. random variables following Fy(t)=1— e with A=0.1, as =0.2,

ap=0.1, r=5, ¢, =1, cq =0. For the left panel, L =0.1, ¢ =1; For the right panel, L =0, ¢ = 10.

We now proceed to elaborate on the original conditions in Proposition 1. Although the main
insights apply to general settings, we restrict some of our discussion to a family of defect discovery
processes, based on which we can derive stronger results.

DEFINITION 1. Given a discount rate a € (0,1), a cumulative distribution function G(t) with

the support [0,00) is said to satisfy the discounted unimodality property if the function efft_)l is

unimodal.

F(t) can sufficiently satisfy the discounted unimodality property if the stochastic components
of the discovery time z; are independent and are identically distributed following the common
distributions such as Weibull (exponential distribution is a special case), Gompertz, Log Normal,
Gamma, Pareto, etc. Hence, this property is fairly general.

Notice that for any function J(t), 4 (InJ(t)) measures its instantaneous growth rate. Hence,
% (ln F (t)) measures the instantaneous growth rate of the probability of detecting the defects. In
other words, %(ln F (t)) captures how fast information on supplier adulteration accumulates. On

the other hand, %(ln(eat — 1)) indicates the instantaneous growth rate of the interest cost. The

relative size of these two growth rates turns out to be crucial to the optimality of positive initial

payment.
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Corollary 2 For any given q, partial deferral with a positive initial payment is optimal if the
following two conditions are satisfied:

e Moral hazard condition: 6 >1— F(T,); that is, the moral hazard problem is not too severe;

e Information accumulation condition: %(lnF(t))‘t:Tb > 4 (In(et — 1))‘t:Tb; that is, at the
boundary deferral duration without initial payment, the instantaneous growth rate of information
accumulation exceeds the instantaneous growth rate of interest cost.

If F(t) satisfies the discounted unimodality property, then these two conditions also are necessary.

The first is the moral hazard condition. Intuitively, for partial deferral to be optimal, the sup-
plier’s adulteration incentive must not be very strong. To understand the second condition, we
first note that without providing any initial payment, T; is the longest duration that the buyer can
withhold the payment at optimum, as already discussed. However, if we allow some initial payment,
the rest of the payment can be withheld for a longer duration, which provide more incentive for the
supplier not to adulterate. Whether the latter strategy is more attractive depends on how much the
chance of detecting the defects increases given the prolonged deferral duration. Clearly, the higher
the probability of detecting the defects, the lower the payment the buyer needs to offer the supplier,
given that his adulteration incentive will be suppressed. However, a longer deferral duration can
also be expensive because the interest cost is higher for the same payment. The second condition
in Corollary 2 captures this trade-off. When this condition holds at the boundary duration 7y, it
suggests that the benefit of having a longer deferral duration is greater than the cost of having
it. Thus, the buyer should increase the duration, which will trigger initial payment at optimum.
Put simply, if the defect information is to arrive sufficiently fast at T;, then extending the deferral
duration over this time point and allocating some payment upfront can be more effective in curbing
the supplier’s adulteration incentive than increasing the amount of deferred payment. This condi-
tion is apparently only a sufficient one because it can be alternatively assessed at any T > T;,. The
discounted unimodality property of F'(t) guarantees that these two instantaneous rates cross once,
and thus this condition also becomes necessary. Interestingly, under the exponential distribution
with zero lead time, the left side in the second condition never exceeds the right side at T; (thus
partial deferral cannot be optimal), while an increase in the lead time can make this condition
more likely to hold.

The proceeding discussion reveals that both the quantity and the lead time can influence the
contract structure. Thus, obtaining a deeper understanding of their roles would be useful. We

present several structural properties in the following paragraphs.

Corollary 3 Suppose F(t) satisfies the discounted unimodality property. Then, if providing a pos-
itive initial payment is optimal under some lead time L = Ly, providing a positive initial payment

is also optimal under Ly > L.
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Clearly, an increase of the lead time delays the defect discovery process, which implies that the
cost of deferred payment is higher. The effect on the structure of the optimal contract, however,
depends on the information accumulation condition. From Corollary 2, we find that when F(t)
satisfies the discounted unimodal property, then once the information accumulation condition is
satisfied for a certain lead time, it also will be satisfied for any longer lead time. Hence, partial

deferral continues to be optimal.

Corollary 4 Suppose F(t) satisfies the discounted unimodality property and the stochastic com-
ponents z; are i.i.d. random variables following a distribution function Fy(-) that has a decreasing
hazard rate fo(t)/(1— Fo(t)). Then, if providing a positive initial payment is optimal under some

procurement quantity ¢ = q,, providing a positive initial payment is also optimal under gs > q.

In contrast to the lead time, an increase in the procurement quantity accelerates the defect
discovery process, which can thus lower the cost to defer payment for the same deferral duration.
However, the effect on the optimal contract structure is complex, depending on the information
accumulation condition. To guarantee that the information accumulation condition has a monotone
structural property in the procurement quantity, we need the stochastic components of the discov-
ery process to have a decreasing hazard rate, in addition to the discounted unimodality property.
In fact, if the hazard rate is increasing, then the effect of the procurement quantity on the optimal
contract structure is obscure. For specific distribution functions, we find that an increase in the
procurement quantity can make partial deferral either more or less preferable. Furthermore, to
derive the result of this corollary, we assume the stochastic components z; are independent. While
analyzing the case with positively correlated discovery processes is challenging, we anticipate that
in such a scenario F'(t) increases at a slower pace in ¢, but the structural property with respect to

the optimality of a positive initial payment might be similar.

4.2. The Optimal Procurement Quantity

The previous discussion reveals how the procurement quantity might influence the optimal deferred
payment contract. This effect naturally plays a role in the determination of the optimal procurement
quantity. However, analytically solving the optimal quantity is challenging because F'(t) has a
complex structure in g. We thus resort to a numerical analysis.

For convenience, we use the variant of the demand function as discussed in Section 3: ¢(r) = s(1—
Tlg—n"‘) Recall that the first-best procurement quantity is ¢° = %F. In our experiments with supplier
product adulteration incentive, we assume the stochastic components of the discovery time z; are
i.i.d. exponential random variables following the distribution Fyy(t) = 1 —e~*'. Then, we numerically

derive the optimal procurement quantity (¢*) and compare it with the first-best quantity. Figure
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3 reports some of our results. We find that the optimal procurement quantity is generally smaller
than the first best, mainly because the supplier’s moral hazard problem causes an increase in
the marginal procurement cost. Specifically, Figure 3 shows that the quantity difference is larger
when the buyer’s market size increases or when the profitability decreases. In such situations, the
difference of the marginal procurement cost becomes higher. In our experiments, we also find that
the optimal procurement quantity decreases as the supplier’s adulteration incentive increases (i.e.,
0 decreases), as the difference between the two parties’ financing costs increases (i.e., a increases),
and as the defect discovery process slows (i.e., A decreases). These results are intuitive because the

marginal procurement cost becomes larger in such scenarios.

Quantity Distortion
Quantity Distortion

0.« o %

9-9 q-4

0 L L L L L L L I oLt L L L L L L L
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 01 0.2 03 04 05 0.6 0.7 08 0.9

Market Size (s) Highest Possible Margin (k)

Figure 3 Demonstration of the optimal procurement quantity under the deferred payment mechanism when
the buyer faces supplier product adulteration risk, compared to the first best. The largest difference is about 4%
of the first best in the left plot and 9% of the first best in the right plot. The parameter setting: z; are i.i.d.
random variables that follow the distribution F(t) =1 — e~ with A\=4, as =0.2, ap =0.07, ¢, = 1, ca= 0.4,
L=0.1, k=0.2 (left plot), and s =5000 (right plot).

5. The Inspection Mechanism

In this section, we analyze the buyer’s sourcing strategy when she uses inspection to discourage
supplier product adulteration. Specifically, we assume that the contract contains the procurement
quantity ¢ and the payment Yj that is contingent on the supplier’s passing inspection. After receiv-
ing the contract, the supplier makes his production decision with a =n or a = d. We assume the
production is finished instantaneously at ¢ = 0, and then the buyer decides whether to inspect
the products (i =1) or not to inspect them (i =0). If the buyer chooses to inspect, she decides
the inspection sample size m(< ¢). If the whole sample passes inspection, the buyer accepts the
products and pays the supplier Yj; otherwise, all the products are refused without any payment to
the supplier. If the products are accepted, they are delivered to the buyer’s stores and are ready
for sale at ¢t = L. Finally, the customers report to the buyer when any defect is discovered, and the

buyer recalls all the products and solely incurs the liabilities, as assumed in the base model.
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To conduct inspection, the buyer bears a cost I = Iy + ml,. for a sample of m units, where
Iy is the fixed cost and I. is the variable cost. For simplicity, we assume that the inspec-
tion outcomes are independent (similar assumptions are made in the literature; see, e.g., Star-
bird 2001). Hence the inspection can achieve an accuracy of u =1 — (1 — po)™, where pg =
P (inspection report=adulteration|a = d) is the probability that a defective product can be dis-
covered by inspection. If the product is non-defective, then it always passes inspection (i.e.,
P (inspection report=non-defectivela =n) = 1). We confine our attention to the scenarios where
the buyer can always achieve a nonnegative profit under the inspection mechanism. In equilibrium,
both the buyer and the supplier may apply mixed strategies for their adulteration and inspec-
tion decisions. Let x5 = (0,1] denote the supplier’s adulteration probability and x5 € (0,1] be the
buyer’s inspection probability. Finally, let 75(q, Yo, x5, m,zs) and w5(q, Yy, 25, m,zs) denote the
buyer’s and the supplier’s corresponding profit, respectively. For the rest of this section, we first
characterize the inspection equilibrium for any fixed procurement quantity and then we analyze
the property of the optimal quantity.

5.1. The Inspection Equilibrium with Fixed Procurement Quantity
To derive the equilibrium, we first analyze the buyer’s sampling strategy when she decides to

inspect the products.

Lemma 2 For any given q, if the supplier’s adulteration probability is xs, then the optimal sam-

pling size of the buyer’s inspection strategy is as follows:

. In I es(gr — Yo —qug) In(1 — )]
m(xg) = mm{ s o) ’ q} ’ (2)

upon which the inspection accuracy is p(rg) =1 — (1 — po)™®s),

Lemma 2 gives the optimal sample size when the buyer decides to inspect the products. From
(2), we can observe that the optimal sample size increases in the adulteration probability zg,
the quantity ¢, the defective loss vp — 7, and the initial payment Y, and that it decreases in the
variable inspection cost I.. More importantly, notice that, given m(zg), the inspection accuracy
u(xs) increases in xg; that is, if the supplier’s adulteration probability xs becomes larger, then
the chance that the defective products are discovered in the inspection process also is larger, upon
which the supplier will not be paid. This observation indicates the existence of an equilibrium,

which we show in Proposition 2.

Proposition 2 Let m be the unique solution of the following equation:

(1= o)™ + I (Ig + Im) In(1 — pro) = 1.
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v (Ig+Icm)

P E—— the inspection game has a unique equilibrium in which the buyer

For any given q > q=
ﬁ for a sample size m* =min{m,q} and makes

a contingent payment Y, = qc,, to the supplier when the sample passes inspection; the supplier

conducts inspection with probability 75 =

IO+ICm*

1—(1—-p0)™" )(gen+qvp—ar)
vp (Io-i-]cm*)

1=(1—po)™" ) (en+vp—r)’

produces adulterated products with probability x5 = ( The buyer achieves an

equilibrium profit w5(q, Yy, ¥y, m*, x5) = qr — qc, — ( and the supplier obtains

I * * * *\
775((]7Y0 y U, M 7xS) =0.

Note that the condition g > ¢ is very mild, given that we focus on the quantity effect. Indeed,
q is fairly small with most realistic parameters. For example, if r =5, ¢, =1, ¢4 =0.4, vp =17.5,
Iy=3,1.=0.2, up=0.6, then ¢=3.7. When this condition is not satisfied, inspection equilibrium
might still exist, but the analysis is much more involved.

In the equilibrium given, the buyer’s inspection probability takes the ratio of 1 — 6 to 1 —
(1 — p10)™". Recall that 6 = cy/c, measures the severity of the moral hazard problem. When 6
becomes smaller, the moral hazard problem is more severe, which leads to a larger inspection
probability. The denominator 1 — (1 — /10)’”* is the inspection accuracy. When inspection becomes
more accurate, the supplier’s incentive to produce adulterated product is lower, which results in
a smaller inspection probability. Intuitively, the optimal inspection size m* should be larger for a
smaller unit inspection accuracy ug. Indeed, a straightforward yet tedious derivation suggests that
m is a decreasing function of pg. In particular, lim,,,_,o dm (o) /dpo — 0o, suggesting that with very
small pg, the optimal inspection size should be m* =gq.

In addition to the inspection accuracy, the supplier’s adulteration probability also is influenced
by the ratio of the inspection cost to the total cost the buyer incurs for selling adulterated products.
In particular, when the inspection cost relative to the cost of selling adulterated products becomes
larger, the supplier’s incentive to produce adulterated products is higher. Note that inspection
in general cannot completely deter the supplier’s adulteration incentive unless the procurement
quantity ¢ goes to infinite.

Finally, having inspection with probability of 1 is possible as an equilibrium outcome. By Propo-
sition 2, the buyer inspects with probability of 1 when 1 — 0 = p. In other words, when the moral
hazard severity (measured by 1 —#) and the inspection accuracy (measured by u) are equal, the
buyer inspects for sure. Whether the inspection size m* is equal to ¢ depends primarily on the
inspection accuracy pg. When gy is sufficiently low, the optimal inspection size is ¢ (i.e., 100%
inspection). Notice that 100% inspection does occur in practice, especially for stringent perfor-

mance requirements concerning health and safety (e.g., Mattel).
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5.2. The Optimal Procurement Quantity
Based on the characterized equilibrium, we can analyze the optimal procurement quantity under
the inspection mechanism. Interestingly, we find that when it satisfies the condition ¢ > m (which

is defined in Proposition 2), the optimal procurement quantity must be greater than the first best.

Proposition 3 If the optimal procurement quantity ¢* > m, then ¢* > q°.

Note that m is generally a small number and that ¢ > m is a sufficient condition. Hence, the result
of Proposition 3 implies that the optimal procurement quantity under inspection is greater than
the first best in most cases. The intuition of this result relates to the fact that a larger procurement
quantity can increase the credibility of inspection and thus reduce the supplier’s adulteration
probability in equilibrium. Note that, based on our numerical experiments, the difference between
the optimal procurement quantity and the first best is often small (a few units). It is, however,
still interesting that despite a larger procurement cost compared to the first best, the buyer orders
more from the supplier if inspection is used for quality control. This finding contrasts to the finding
under the deferred payment mechanism, where the optimal procurement quantity is mostly smaller

than the first best.

6. Deferred Payment or Inspection
Thus far, we have characterized the optimal design of the deferred payment and inspection mech-

anisms. In this section, we compare their performance numerically.

6.1. Performance Comparison
To assess the performance of the two quality control mechanisms, we define the following concept:
0j=1- i, Vje{D,I},
q(r —cn)

which measures the loss ratio of the buyer’s profit under each mechanism relative to the first-
best profit. A larger ¢; indicates a worse performance. In our numerical study, we first set the
procurement quantity as exogenous. That is, for any given quantity, we derive the buyer’s profits
under the two optimized quality control mechanisms and compare them relative to the first-best
profit under the same procurement quantity. This comparison can help us understand the effect of
the procurement quantity and also can be useful if exogenous constraints limit the quantity choice
(e.g., if the supplier has some fixed capacity constraint or production batch size constraint).

Figure 4 shows the effects of the lead time and the procurement quantity. Notice that the inspec-
tion mechanism does not depend on the lead time, while the performance of the deferred payment
mechanism deteriorates as the lead time increases. Therefore, the deferred payment mechanism is

generally preferred when the lead time is short. The effect of the procurement quantity is more
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Figure 4 Demonstration of the (Log) efficiency loss ratios as functions of the lead time and the procurement
quantity for the deferred payment and inspection mechanisms with exogenous procurement quantities. The
parameter setting: z; are i.i.d. random variables that follow Fy(t) =1—e * with A\=4, ap =0.07, as =0.2, r =5,

vg=15,cn =1, ca =04, Iy =3, I. =0.2, uo=0.6, ¢=1000 (left plot), and L =0.01 (right plot).

subtle. First, we can observe that the loss ratio decreases as the procurement quantity increases
under either mechanism, which indicates that the performance of both quality control mechanisms
improves as the procurement quantity becomes larger. Second, Figure 4 shows that the deferred
payment mechanism has a better (worse) performance than inspection when ¢ is smaller (larger)
than a particular threshold. This finding indicates that the deferred payment mechanism should
be chosen in scenarios where the buyer is to procure a small number of units. Third, we also have
assessed the effects of the supplier’s adulteration incentive (i.e., #), the difference of the financing
costs (i.e., a), the defect discovery rate (i.e., A), and the liability cost (i.e., vg). In general, the
region where the deferred payment mechanism is preferred to inspection expands when the sup-
plier’s adulteration incentive decreases, the difference between the financing costs decreases, the
defect discovery rate increases, or the liability cost decreases.

The comparison in Figure 4 assumes a given quantity. It is certainly interesting to compare
these two mechanisms using endogenous quantity decision. Figure 5 reports some of our numerical
findings. First, these two mechanisms lead to different optimal procurement quantities. The one
under inspection generally is greater. Second, the inspection mechanism is generally preferred to
the deferred payment mechanism when the buyer’s market size is large or her profit margin is high.
In such scenarios, the procurement quantity is large, which benefits the inspection mechanism as

demonstrated in Figure 4.

6.2. Complementary or Substitutive
In addition to the performance comparison between these two mechanisms, another interesting
question is whether they are complementary or substitutive when they can be jointly used. We

investigate this question in this section.
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Figure 5 Comparison of the optimal procurement quantities and the profits under the deferred payment and
inspection mechanisms with endogenous quantity decision. The parameter setting: z; are i.i.d. random variables
that follow the distribution Fy(t) =1— e * with A\=4, a5 =0.2, ag =0.07, cp =1, cg=0.4, L=0.1, [ =3,
I.=0.2, po =0.6, K =0.2 (left plot), and s =5000 (right plot).

Apparently, when the buyer is able to make the payment term contingent on the inspection
outcome, providing any non-contingent initial payment would lead to a suboptimal outcome. There-
fore, we focus on the combined contract, which is a triple (Yo, Y1, T), where Y is the payment at
time zero contingent on the pass of inspection, and Y; is the deferred payment to the supplier
that is issued at time T contingent on no defect being reported by customers by time T. Given
a combined contract (Yo, Y1, T), the supplier chooses whether to adulterate, and the buyer simul-
taneously chooses whether to inspect and then sets the sample size. The buyer and the supplier
again may adopt mixed strategies in equilibrium. That is, the buyer may conduct inspection with
probability x5, and the supplier may adulterate with probability xg. We say a combined contract is
nondegenerate if it is neither a deferred payment contract, described in Section 4, nor an inspection
contract, described in Section 5. Clearly, a nondegenerate combined contract must have zp € (0, 1],
which also implies zg € (0,1) (the buyer will not participate if xg = 1); moreover, it should also

have Y; > 0.

Proposition 4 Any nondegenerate combined contract with xp € (0,1) is suboptimal.

We show in the proof of Proposition 4 that, given any nondegenerate combined contract
(Yo,Y1,T), as long as the inspection probability is less than 1, we can shift a portion of the deferred
payment to the initial payment, which makes both the buyer and supplier better off; and thus, the
given contract is suboptimal. Therefore, Proposition 4 asserts that for a nondegenerate combined
contract to be optimal, the buyer must conduct inspection with probability 1 in equilibrium (i.e.,
xp =1). Note that the inspection sample size does not necessarily equal the procurement quantity.
In fact, we can obtain the optimal inspection size as m* = min{m, ¢}, which has the same form
as the form in the pure inspection game. Based on this preliminary result, we derive the following

necessary condition for a combined mechanism to be optimal.
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Proposition 5 A nondegenerate combined contract (Yo,Y1,T) can be optimal only if

I _ 1
1—[1—<—O+IC)UB T}q<uo<min{6_“,l—cd} (3)
q ChVUB Cp
where
m{(1-0) el 141 e)eaTc_1}>1
v =min —0)———,¢e —0)——— )
F(T,)’ ’ F(T,)

63

The subcondition g < e~*L in Proposition 5 is necessary to guarantee that zz = 1 in equilibrium,
while the subcondition py <1 — E—Z is necessary to ensure that the IC and IR constraints of the
buyer’s optimization problem can be satisfied under the given contract. The lower bound for
Lo is intuitive. For example, when pg is close to zero but the inspection cost is nonzero, then,
reasonably, inspection should never be part of the optimal contract. Guided by this result, we find,
interestingly, that when a non-negligible lead time exists and the procurement contract contains
multiple units, the deferred payment mechanism can be either substitutive or complementary to
the inspection mechanism, depending on the system parameters. In particular, we find that when
inspection is not very accurate but also inexpensive, using the two mechanisms simultaneously
can be beneficial. Such an example is provided in Table 1. When inspection is very accurate or
very expensive, the deferred payment mechanism can either be dominated by or can dominate
the inspection mechanism, and thus, these two mechanisms are substitutive in such environments.

An efficient algorithm can be designed to search for the optimal combined contract for any given

environment (as provided in Online Appendix).

Cn Cq T UB q L

0.4 0.16 1 1.5 5 0.01

Iy I Lo A Qs ap
0.0005 |0.0001 0.1 4 0.2 0.12
0.47061 | 1.5409 | 0.037397 [ 0.00063304 | 5 [0.0029735

Table 1 An example where the combined mechanism is optimal. 65 denotes the buyer’s efficiency loss ratio

under the optimal combined contract. z; are i.i.d. random variables that follow Fy(t) =1—e >,

Note that Babich and Tang (2012) assume po > 1 — C: , which provides a reasonable setting in

their study. (Otherwise, the buyer would not participate in the inspection game if it is used alone.)
The establishment of the necessary condition in Proposition 5 for the optimality of the combined
mechanism theoretically confirms that when pg > 1 — S—Z and L =0, the combined mechanism is not
optimal. In particular, when the discovery time z; follows the exponential distribution, we arrive at
the conclusion of Proposition 3 in Babich and Tang (2012). Hence, the difference in the conditions

of our results and those of Babich and Tang (2012) is mainly driven by our relaxed assumptions

of the lead time and of the inspection accuracy with multiple procurement units.
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7. Conclusion

Following the recent increased interest in quality control mechanisms to deter supplier product
adulteration, we study the optimal design of the deferred payment and inspection mechanisms
with endogenous quantity decision and general defect discovery process. For the deferred payment
mechanism, we show that either entire or partial deferral can be optimal when the buyer procures
multiple units. We identify two economic driving forces that determine the structure of the optimal
deferred payment contract: the moral hazard severity and the information accumulation rate. Fur-
thermore, we find that because of the increased procurement cost in the presence of the supplier’s
adulteration incentive, the optimal procurement quantity is generally smaller than the first-best
quantity under the deferred payment mechanism. For the inspection mechanism, we derive the
equilibrium of the supplier’s adulteration decision and the buyer’s inspection decision. We find
that a larger procurement quantity reduces the supplier’s adulteration probability, which leads to
the finding that the optimal procurement quantity under inspection generally is larger than the
first-best quantity. We also compare the performance of these two mechanisms. We show that the
deferred payment mechanism generally is preferred to inspection when the procurement quantity
and the lead time are small. This finding implies that when the buyer’s market size is small, the
profit margin is low, or the delivery of the products is fast, she should choose the deferred payment
mechanism to deter supplier adulteration; otherwise, inspection should be used. Finally, we find
that these two mechanisms can also be complementary in specific environments when they can be
jointly used, and we characterize a necessary condition for the optimality of the combined mecha-
nism. These results enrich the understandings of these two quality control mechanisms and can be

useful for their implementation.
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Online Appendix A: Proofs

Proof of Lemma 1: This lemma is straightforward given T appears only in the IC constraint.
The buyer can always reduce T to increase profit until the IC constraint binds. B

Proof of Proposition 1: This proposition follows intuitively from the fact that the optimal
solution must be achieved at one of the boundaries. Since the IC constraint must bind at optimum

and we have Y > 0 and T > L, we are left with only three possibilities:

e The nonnegative initial payment constraint (Yy > 0) binds, the IR constraint does not bind,

and the first order condition is satisfied, which leads to the result of Proposition 1(a).

e Both the nonnegative initial payment constraint (Yp > 0) and the IR constraint bind, which

leads to the result of Proposition 1(b).

e The nonnegative initial payment constraint (Yp > 0) does not bind and the first order condi-
tion is satisfied, which leads to the result of Proposition 1(c). Note that IR constraint has to
bind when Yy > 0. B

The key is to recognize that the condition T, < T} is a necessary condition for case (a) to be
feasible (hence optimal), and is also a sufficient condition for case (a) to be optimal. Clearly, for

the (IR) constraint to be satisfied in case (a), we need

qucn@F(Ta)§1—ﬁ:F(Tb)@Ta§Tb.

Y,
0+ F(T,) Cn

Now suppose T, < Ty, we know case (a) is feasible and we need to show it (weakly) dominates both
case (b) and case (c).
Case (a) dominates case (b) if and only if

T ol aT, o aT,
etta T cpettt eta et etta
qr—q(cn—cd)F(T)qu—qcneo‘”@ > &

a

tn—ca = F(Ty) T F(Ty) = F(To)




The last inequality is true by definition of Tj,.
To compare case (a) and case (c), first notice that case (c) is feasible if and only if T, > Tj.

Indeed, if T, < T}, nonnegative constraint in case (c) will be violated:

Q( n — Cd) Q(Cn - Cd)
Y, = — 0.
0 an F(Tc) < qCTL F(Tb)
Case (a) dominates case (c) if and only if
6aTa 6ozTc -1
_ _ > _ _ _
qr —q(cn — ca) FI) = ¢ q(cn — cq) F )
6ozTa 60¢TC -1
~ — < _ P
(cn Cd)F(Ta) < ep+(en —cq) F L)
6ozTa 6ozTc -1
< F(Th < 14+ F(1Tp)———
eTa 1 1 eTe
= < - +
F(Ta) F(Tb) F(Tc) F(Tc)

The last inequality is true by definition of T, and the fact that T, > Tj,.

The only part left now is to compare case (b) and case (c). For case (c¢) to be optimal, it has to
be feasible, that is, T, > Ty, in which case, by definition of T, the profit of case (c) is higher than
that of case (b). Therefore, case (b) is optimal if and only if T, > T, > T,.. B
Proof of Corollary 1: With the exponential distribution Fy(t) = 1 — e, we have F(T) =
1— e MT=L) and f(T) = ghe~*T=L) We can derive:

1 qA 1
TQ—L—l—qf)\ln(l—i—E) and T, = L — q—Aln(G),

8]

where 6 = z—: as defined. Hence, the condition T, < T} is equivalent to § < 6 = ra

Further, we can determine that 7T, solves the following equation:

eq)\(T—L) e—oT 1 1

qA + a :q7+a'

(1)

Equation (1) has a unique solution in the interval (L, co) because the left-hand-side (LHS) of (1) is
less than the right-hand-side (RHS) of (1) when 7" = L and is larger than the RHS for large enough
T. For case (c) to be optimal, we need T, > T},. Given that the LHS of (1) is increasing in 7', the

condition T, > Ty is equivalent to

eMTh—L)  —aTh 1 1

+ < —4+—.
2 a T ogh o«

Substituting the formula for 73 under exponential distribution, the above inequality becomes

1 1 e 1 1
N — far < — —
q)\9+ae ! _qA+a



It is easy to verify that the LHS of the above inequality is decreasing in 6. Hence, T, > T} if and
only if § > # where 0 is the solution to

]- 1 7CML& ]_ ].
R _ far = — _
q>\9+ae ’ q)\+oz’

or equivalently,
=9 _ (1 - e_aLGf%) )
e
which completes the proof. B
Proof of Corollary 2: The requirement of the moral hazard condition is obvious. By Proposition
L,
T,>T, o F(T,) > F(Ty) & 0= > 1 F(T,).

n
By Proposition 1, with the moral hazard condition satisfied, only case (b) or case (¢) in Proposition
1 can be optimal. We now show that the information accumulation condition will guarantee that
zero initial payment is not optimal. First, notice that for both case (b) and case (c¢) in Proposition
1, the IC and IR constraints are both binding. Thus, we have Yy = qc, — Y from the IR constraint,
and the objective of the buyer’s problem can be written as: 75(q, Yy, Y, T) = qr — Yy — YeoT =
qr — qcp, +Y (1 — eO‘T). Given the IC constraint binds, we have Y = Uen=ca) Hence, the buyer’s

F(T)
profit can be rewritten as a function of deferral time 7"

qen — ca)(1 = eT)
F(T)

WE(T) =qr —qcp +

We can then obtain the first derivative of 75 (T') with respect to T

drB(T)  q(cn—ca) (T —1) [f(T) o« ]
dar F(T) F(T) 1—eoT]"

Note that as long as the deferral duration T is larger than 7Tp, a positive initial payment is
feasible (i.e., Yy > 0). Given the moral hazard condition is satisfied, a positive initial payment is

optimal if there exists a deferral duration ¢t > T}, which yields higher expected profit for the buyer.

d d
>0& — <ln F(t)) > — <ln(eat - 1))
=T, dt =, dt

if the information accumulation condition is satisfied, case (b) cannot be optimal. Hence, case (c)

Because
anR(T)
T

)

t=Ty

must be optimal and there is positive initial payment in the optimal contract.
We now show that with the additional assumption of discounted unimodal property, the in-
formation accumulation condition is also necessary. To see this, first notice that the discounted

unimodal property implies that In(F(t)/(e* — 1)) is also unimodal. Hence, the following equation

i [ F@#)\
aln <eat — 1> =0.

has at most one solution:




Rewriting the above equation, we see the following equation has at most one solution:

fQ) _ «a
F(t) 1—et

I(t) = ~0 (2)

Given the moral hazard condition is satisfied, a positive initial payment is optimal only if there

exists a deferral duration ¢t > Tj which yields higher expected profit for the buyer. Clearly, this

D
requires dng(T) be positive for some range of the interval [T}, 00), or equivalently I(¢) > 0 for some

range of the interval [T}, 00). Because lim; o I(t) < 0 and I(¢) = 0 has at most one solution, a

positive initial payment is optimal only if

I(Ty) >0 & (Z(InF(t))

> — | In(e* — 1))
=g, 4t

Proof of Corollary 3: According to Corollary 2, with F'(t) satisfying the discounted unimodality

t=T,

property, if a positive initial payment is optimal when L equals some L, both the moral hazard
condition and the information accumulation condition must be satisfied at L = L. Apparently, a
change of L does not affect the moral hazard condition. Similarly, a change of L doest not affect
the value of 4 (In F(t)) ‘t:Tb. On the other hand, 4 (In(e® — 1)) is decreasing in ¢. Since T}, is
increasing in L, the information accumulation condition will be satisfied for any L > L;. This
completes the proof. B

Proof of Corollary 4: Suppose a positive initial payment is optimal when ¢ = ¢;. By Corollary
2, with F'(t) satisfying the discounted unimodality property, both the moral hazard condition and
the information accumulation condition must be satisfied at ¢ = ¢q;. Again by Corollary 2, we only
need to check whether the moral hazard condition and the information accumulation condition

both hold at any ¢ = g2 > ¢1. Denote the hazard rate function by Hy(t) = fo(t)/(1 — Fo(t)). We

first check the information accumulation condition. Because
F(t)=1- (1= Fy(t— L))", f(t) =q(1 - Fo(t— L))" " fo(t - L),
and F(T,) =1 — 0, we have

f(L) ¢80 fo(Th— L)
F(Ty) 1-60 1—-F(T,—-L)

Define the function g(q) as

qf «

9(q) = mHO(Tb -L)- pp—

Because the information accumulation condition is satisfied with ¢ = g1, we have g(q;) > 0. Hence,

it suffices to show that g(g) is increasing in ¢ when g(q) > 0, that is,

dg 4 q0 /
T Hy(Ty— L)+ —~—  H\(T, — L
dg 1-0 0Ty = L)+ 75 Ho(Th = 1)

@ ae=Th dTy

dg " (L—e ) dg ~



for any ¢ such that g(q) > 0.
From the equality (1 — Fy(Tp — L))? = 6, we can derive
dTb i 111(1 —F()(Tb—L)) N Ind

il = < 0.
dq qHo(Ty — L) ¢*Ho(Ty, — L)
Because
(]9 / dTb
—_— T, — L) - —= >
. 9 0( b ) dq 07
it suffices to show that
0 ae T dT,
. HAT. — L == .70
1—6 o(Th ) > (1—e2Tv)2  dgq
0 a2e—Th Iné
Hy(T, — L — .
G 1@ -1 > (1—e°T)2 @2Hy(T, — L)

N 1-0 iH (T, — L) ’ > ([ ’ —oTy . (_1ng)
o6 \1-g O\ l—eol) '© '
The last inequality is true because g(g) > 0, e Th < 1, and

1-46
> —Ing,vh € (0,1).

Second, we need to check the moral hazard condition. Denote the value of T, — L, the density
function, the distribution, and the hazard rate function corresponding to quantity ¢;, (i = 1,2), by
ti, fi(t), Fi(t), and H;(t), respectively. Apparently, H;(t) = q; Ho(t) is also non-increasing in ¢.

By definition of Ty, we have

Alt) @l —F@)"Ho(t) _  faltz) _ ga(1— Fo(t2))® Ho(t2) _

Fl(tl) 1— (1 — Fo(tl))ql ’ Fg(tg) 1-— (1 — Fg(tg))q2
Since the function ¥ (q) = ¢/(~v? — 1) is decreasing in ¢ for v > 1, we have

q1(1 — Fo(t1) Ho(t1) _ q2(1 — Fo(t1))®2 Ho(t1)
1= (1= Fp(ta))® 1—(1- Fy(t))=

(1—Fp(t))?Ho(t)

If t5 > t1, then because the function ((t) = TmO-R0) is decreasing in ¢, we have

QQ(l - FO(tl))quO(tl) q2(1 — FO(t2))q2H0(t2)
1— (1= Fp(tr))® 1—(1— Fo(ta))

which means
_ @1 = Fo(ta))™ Ho(t1) _ ga(1 — Fo(t2))® Ho(t2) _
1— (1= Fo(t))n 1—(1— Fo(tz))e

Contradiction. Hence, we must have t5 < tq, that is, T is decreasing in . Therefore,

Hj(t2) > Hi(t2) > Hi(t).

If we write Hy(t1) and Hs(t2) as

Hi(t) = <f1(1t1) _ i)l, Hj(ty) = <f2(1t2) B ;)1

5




respectively, the inequality H(t2) > Hi(t1) clearly implies fo(t2) > f1(t1), or equivalently, F5(to) >
Fi(t1). This immediately implies that the moral hazard condition is satisfied with ¢ = ¢». B
Proof of Lemma 2: Given the probability of product adulteration zg, the buyer’s problem can

be formulated as follows:
max (1—2x5)(qgr —Yo) +xs(1 — po)"(qr — Yo — qug) — (Ip + ml.).

The first order condition is zg(1—p0)™ In(1—po)(gr—Yo—quvp) —I. = 0, from which we immediately
have the expression for m(zg). The other claims are obvious. l
Proof of Proposition 2: In an equilibrium, the supplier clearly has to use a mixed strategy in

the second stage. Hence, we have the following indifference condition for the supplier:
Yo —qen = (1 —2)Yo +xp(1 — u)Yo — qcq,

which implies
[E* — q(cn - Cd)
b uYo

Ifzp <1, ie., Yy > w, then the buyer is also playing a mixed strategy, which implies the

following indifference condition for the buyer:
zs(qr — qup — Yo) + (1 — xs)(qr — Yo) = xs(1 — p*)(gr — qup — Yo) + (1 — z5)(qr — Yo) — 17,
or equivalently,

I*
w* (Yo + qup — qr)’

Ty =
On the other hand, if z; =1, ie., Yy = w, then we must have

I*
w* (Yo + qup —qr)’

1>a5>

Because the buyer’s profit decreases in xg, we can focus on the payoff dominant equilibrium with

w* — $
S w*(Yo+qup—qr)’

buyer is the same as the expected profit of the buyer when she chooses inspection, i.e.,

which means we can combine the two cases. The equilibrium profit for the

1 = (1 — u*)(qr — Yo — qug) + (1 — 2%5)(qr = Yo) = I

which can be simplified to
ql*vp

w* (Yo + qup — qr)’

Wé:qr—Yo—

Note that we have

*

I"=Iy+1Im" and p* =1— (1 —po)™,



where m™ satisfies

1 _171M1 1 —
. , {ln [T 2 (qr — Yo — qup) In(1 — )] } N [ ¢ (1=(1—po)™) n(1 — po)
m* = min ,q ¢ = min .q

—In(1 — po) —In(1 — po)

Denote the solution of the following equation by m:

_ Iy + I.m
“min(l — o) = In | — 71O T g
mn( :U’O) Il|: c 17(17,“0)”1 Il( HO):|7

which could be rewritten as
(1= po)™™ + 17 (Io + Iem) In(1 — pg) = 1.
Denote ((m) = (1 — po)™™ + I 1(Iy + I.m) In(1 — pp). We have
¢'(m) = (1= (1 = po)™™) In(1 - po) >0,

¢"(m) = (1 — po) ™" In*(1 — o) > 0.

which implies that ((m) is unbounded. On the other hand, {(0) < 1; hence, m uniquely exists.
Correspondingly, we denote I = Iy + I/ and ji = 1 — (1 — ug)™. Then, the optimal inspection size
m™ is either m, in which case it is independent of ¢, or m* = ¢ if m > ¢. This means m*, I*, and
u* are independent of ¢ when ¢ is sufficiently large.

Because the supplier plays a mixed strategy, his payoff with or without adulteration is the same.

Hence, the participation constraint for the supplier is
Yo —qcn > 0.

Thus, the buyer’s problem can be formulated as:

qupl*
w* (Yo + qup — qr)

max qr — Yy —
Yo q

s.t. Yo > qcp.

Under the assumption g > ¢, the objective function is non-increasing in Yy for Yy > gc,. To see

this, note that the objective function is non-increasing if and only if

qupl <0

~14 <
p* (Yo + qup — qr)?

)

which is equivalent to
(Yo + qup — qr)* > qupl™.

Because Yy > qc,, p* > po, ¢ > ¢, and Iy + Im > I*, we have

1 (Yo + qup — qr)* > pog*(cn +vp —1)? > qupl™.



Therefore, the optimal solution is always achieved at the boundary; that is, Y = gc,, and the

I*vp

buyer’s corresponding profit is: 75 = ¢qr — qc, — T CaE—p

Note that when ¢ < g, an interior
solution may arise. The analysis would however become much more involved, which we leave for
future exploration. On the other hand, the condition g > ¢ is not restrictive as we explained in the

main text. g is generally small for most realistic parameters. W

Proof of Proposition 3: We rewrite the demand function as r = -, which implies g—; =i

Notice that when ¢ > m, m* = m which does not depend on ¢. Hence,
dﬂé(q, Yy, 2, m*,a:’g) s — bsc, — 2q N vp(lyp + I.m*) 1

dq bs 1—(1—po)™ bs(vp +cp—1)2

Clearly, at optimum, we must have % < 0 which immediately implies ¢* > ¢°. R

Proof of Proposition 4: For convenience, let R = gr, w = qug — qr, and n = 1 — F(T). We
prove by contradiction. Suppose a nondegenerate combined contract {Yp, Yy, T} with zp € (0,1)
is optimal. Since the buyer is indifferent between inspecting and not inspecting in equilibrium, we

will have:

(1—2z5)(R—Yy—Yie ®BT) —25(1 — p) [Yo + Yine 28T 4 w] — I
= (1-z5)(R-Yy—Yie Ty —zg4 [Yo + Yine o8 4 w],

which implies
1 1

T Yo+ Yine=esT +wp’

Ts

Then, the buyer’s expected profit can be computed as follows:

5 = (1—x5)(R—Yy—Yie *BT) —ag[Vy + Yine BT + w)
I
= (1-zs)(R—Yy—VieosT) - " (4)

On the other hand, the inspection probability xp is determined by the supplier’s indifference

condition:
Yo+ Yie T —qep = (1 —25) (Yo + Yine *5T) + ap(1 — p) (Yo + Yine™*sT) — qeq

which leads to
q(cn — cq) — Yiem*sT (1 —n) 1

— sy 5
B Yo + Yie—asTy I ©)

apT

Now, consider a slight modification of the payment terms (Yp,Y;) that keeps Yy + Yie™
constant (because of the discrete nature of the optimal sampling size problem, we could assume
I and p do not change as the result of the slight modification of the contract). Specifically, let
Yy =Yy +eand Y| =Y — ee®BT where € > 0 is an infinitesimal amount. By continuity, the

adulteration probability and the inspection probability are still in the interval (0,1). Because xg



—o8T gtays unchanged, the buyer’s profit mp

decreases after the modification while R — Yy — Yie
increases as a result of the modification. Moreover, the supplier’s expected profit also strictly

increases because
Yy + Ve T = Yy + Yie T £ e(1 — e T) > Yy 4 YieosT

where a = ag — ap > 0. Hence, both the buyer and the supplier are better off with the modified
contract. Clearly, the modified contract dominates the original one. Contradiction.

Note that if it is already that xp = 1, then the modification described above may not be feasible
because the inspection probability is bounded by 1. B
Proof of Proposition 5: Again, for convenience, let R = qr, w = qug — qr, and n = 1 — F(T).
Consider a nondegenerate combined contract (Yp, Y1, T') that is optimal. By Proposition 4, we must
have zg = 1.

From the proof of Proposition 4, the requirement that xp < 1 is equivalent to the following
condition:

Yo + Yie osTy > Len =€), (6)
I

Wherevzn—k% > 1.

Consider again the modification in the proof of Proposition 4. If e=®”y < 1, then the left-hand-

side of (6) increases after the modification because
Yo+ e+ (V1 —ee®?T)e Ty = ¥ + Yie Ty + (1 — e *T)e > Yy + Yie 5Ty,

This implies that after the modification, xp will decrease and become smaller than 1 in the new
equilibrium, which asserts that the modification is still feasible. Hence, the original contract cannot
be optimal. So, for a nondegenerate combined mechanism to be optimal, we must have e~ Ty > 1,
or equivalently,
L—n
N
Because =1 — (1 — pp)™, the above condition is equivalent to

T__
In(£23=1)

In(1 = po)

Given n > 0 and T' > L, a necessary condition for the above inequality to hold is

m <

In(1 — e=F)
< -
In(1 = po)

Furthermore, based on (3) and (4), the buyer’s profit function can be written as

IR+w-Yi(1- n)e~BT

=R-Yy—Yie sl —
™ 0T po Yo+ YimemosT 4w

9



The IR constraint is

Yo + Yie T > gey,.

Because zg = 1, we have Yy + Yle_o‘sT'y = w. Hence, we can formulate the problem of

finding the optimal nondegenerate combined contract as:

IR+w—Y{(1—mn)e sl

=R—-Yy—Yie BT _ 10
YOEO,I%%)((],T>L B 0 1€ 7 }/0 + Ylne_aBT 4w ( )
s.t. Yo+ Yie @sT~ = M
1
Yy 4+ Yie T > qe,..
Clearly, for the feasible set to be nonempty, a necessary condition is
— 1
n Cd>cn:>m<M. (11)
In(1 = po)

Combining the inequalities in (8) and (11), we obtain the following necessary condition for a
nondegenerate combined contract to be optimal:
In(cq/cn) 7 In(1 — e~F) } . (12)
In(1—po)” In(1 — po)

Because m > 1, (12) immediately implies the condition, which completes the proof for the upper

m<m:min{

bound of .

We now derive a lower bound of inspection precision o below which the combined contract is
suboptimal. Recall the buyer’s optimization problem of (10) and define y = Yie= 87, g = w,
and ¢ = e Ty — 1. Write Yj as Yy = 8 — ye °Ty. Clearly, for Yy > 0, we need y < geO‘T. From
the IR constraint Yy + ye~ T > ¢c,,, we have

v—1
Thus, the buyer’s optimization program can be reformulated as:

IR+w—y(l-n)

y <

ma T Yo)=R—-0+ &y — 13
max 75y, T, Yo) 7 P (13)
st. 0<y< min{weaT, éeaT}, Yo =B —ye 1.
y—1 Y
Define v as
{ eTa oT (1 9) eTe _q
vy =min< (1—-460 ,e e 1+ (1 — 7}
4 OF@) F(T)
Then the buyer’s profit from the optimal deferred payment contract can be written as R — qcpv.
Note that because v = (1 — 0)% only when 0 < 1— F(T,) (i.e., T, <T}), we always have v > 1.

Clearly, the combined contract is suboptimal if its profit is below R — qc,v, that is,

IR+w—y(l—n)
cpV < P — + — .
qenv < B—8&y W Yot untw

(14)

10



Because . .
e’ _ T
B—8y>p— = >0,
Y Y

a sufficient condition for (14) to hold is

ITR+w—y(l—n)
qgepv < —
po Yo+yn+w

I

or equivalently,
qus —y(1 —n)
genv (v — 1+ L;ry")

I
p< (—0+Ic)
q

Because Yj + y < gr (otherwise, the buyer will not participate) and n € (0,1), (14) holds if

I VR — qr I VB — T
M<(E0+Ic> 5 — 4 ):(0 1)

qcny(vB —r+ % q chVUB
Therefore, a necessary condition for the combined contract to be optimal is to have

vp — T

I
w> (—0 + Ic> .
q Ch VB

Using the fact that © <1 — (1 — pp)?, we obtain a lower bound for the inspection precision pg as

Iy
q

1
vB — 7“] q
e

u0>1—[1—( +Ic)

Notice that the lower bound is well-defined for reasonable inspection cost. For example, if the unit

inspection cost (Ipg~! + I..) is lower than the unit production cost without adulteration (c,), then

I — Iog7'+1. 1 —
(foy gy bl 1oy
q cpvp Cn v vB

Online Appendix B: Algorithm for Solving Optimal Combined Con-

tract

Below, we provide a procedure to solve for the optimal nondegenerate combined contract. From

the proof of Proposition 5, the buyer’s optimization problem can be rewritten as

I R+w—y(l—mn)

ma; ,T)=R—-pP+&y— — 15
vaXﬂ-B(y ) /8 é.y Hﬂ'i‘w_y(l_n'i_é) ( )
st. 0<y< min{mear[, éeaT}.
y—1 Y

Notice that

871'3 (y7 T)
dy

CT(R=B)A=n)+ (R+w)
po (B+w—y(l—n+¢E))?

=¢£ and f+w—y(l—n+&) =Yo+yn+w>0.

11



we have
82773 (y7 T)

Oy?

Thus, for a combined contract to be optimal, y must satisfy

y*(T) = max{(),min{l_;l]_f_5 (B—i—w — \/(R— B)(1 _:2 +(R+w)¢ -I) 7187__q§neaT’ feaT}}.

(16)

Determining the sampling size m* in equilibrium is analogous to that in the pure inspection

< 0.

game. The buyer’s profit is
(1—a2s)(R—Yo—Yie 1) —ag(1 — p) [Yo + Yine *#T +w| — 1.
In the second stage, the buyer determines the optimal m by maximizing
~x5(1— o)™ (Yo + Yine T 4 w) — ml,.
The first order condition implies
—x5(1 — po)™ In(1 — po) (Yo + Yine BT + w) —1.=0.

Because in equilibrium
1 1

fry Yb +Y1776—O<BT _’_w;?

Ts

the first order condition could be written as

(L — po)™
— (1 I)In(1 — pg)—————F— =1,
<0+mC) n( 'LLO)l_(l—ILLO)m (3]
or equivalently,

(1 — po) ™™ + I (Io + Iem) In(1 — po) = 1.

From the pure inspection mechanism, we know the unique solution to the above equation is m.
Hence, the equilibrium sampling size is m* = min{m, ¢}.
The remaining issue is to determine the optimal T for the objective function. From (7) and

using the fact that m > 1, the optimal T" must satisfy

which is equivalent to

(07

1 1
T<—In (—n(ual—l)) .
Furthermore, since 7' > L and n > 0, the optimal 7" must satisfy:

_
L<T<T=-—H (17)
(6%
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Finally, because the smallest unit of T' is one day for a realistic problem, T' can be chosen from
a finite set of values, i.e., T = k/365, k = 1,2,--- ,k, where k is the largest integer such that
k/365 < T. Based on (15), (16) and (17), we can use the following algorithm to find the optimal

nondegenerate combined contract.

Algorithm 1 Algorithm to Find the Optimal Nondegenerate Combined Contract (Y, Y1,7,m)
Require: (12) to be satisfied

k=1,t=1/365T =L
while T < T do
T=T+t,m=min{q,m}

Compute y using (16) and compute the buyer’s expected profit 75 corresponding to (y, T, m)
using (15). Store (y,T,m,7R).

end while

Compare profits and pick the optimal nondegenerate combined contract.

Compute Yp, Y7 and output (Yo, Y1,7,m).
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